Transversal infinitesimal automorphisms on 

Kahler foliations 

i 

Seoung Dal Jung 

Ch ■ Abstract. Let J 7 be a Kahler foliation on a compact Riemannian manifold 

3 ■ 

M. We study the properties of infinitesimal automorphisms on (M, J 7 ), and in 
particular we concentrate on the transversal conformal field, transversal projective 
field and transversally holomorphic field. 

1 Introduction 

Let (M, J 7 ) be a Riemannian manifold with a Riemannian foliation T of codi- 
mension q. A transversal infinitesimal automorphism on M is an infinitesimal 
automorphism which preserves the leaves. A transversal infinitesimal automor- 
\ phism is said to be a transversal Killing field, a transversal conformal field or a 

O 

sal infinitesimal isometric, a transversal infinitesimal confomal or a transversal 



a 

Q 



X 



infinitesimal projective transformation, respectively. Such geometric objects give 
some important information about the leaf space M/J-. There are several re- 
sults about infinitesimal automorphisms on Riemannian foliations [5]l61ITf9][TUl[TT] . 
Recently, M. J. Jung and S. D. Jung [5] studied the properties of transversal 
infinitesimal automorphisms on a compact foliated Riemanian manifold (M, J 7 ). 

In this paper, we investigate the properties of transversal infinitesimal auto- 
morphisms on Kahler foliations. The paper is organized as follows. In Section 2, 
we review the basic facts on Riemannian foliations. In Section 3, we review the 
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well-known facts about infinitesimal automorphisms on Riemannian foliations. 
In Section 4, we prove that, on Kahler foliations, every transversal conformal (or 
projective) field is a transversal affine field (Theorem 4.2, Theorem 4.5). In partic- 
ular, if the transversal scalar curvature is a non-zero constant, every transversal 
conformal field is a transversal Killing field (Theorem 4.3). In addition, every 
transversal projective field satisfying some condition is a transversal Killing field 
(Theorem 4.6). Note that on ordinary manifolds, any affine field is a Killing 
field, but on Riemannian foliations, a transversal affine field is not necessarily 
a transversal Killing field [5]. In Section 5, we study transversally holomorphic 
fields and give a vanishing theorem without making the assumption that all leaves 
of T are minimal. 

2 Preliminaries 

Let (M, gMi J 7 ) be a (p + g)-dimensional Riemannian manifold with a foliation T 
of codimension q and a bundle-like metric gu with respect to J 7 [16]. Let V M be 
the Levi-Civita connection with respect to gu- Let TM be the tangent bundle 
of M, L its integrable subbundle given by J 7 , and Q = TM/ L the corresponding 
normal bundle. Then there exists an exact sequence of vector bundles 



where a : Q — >• L is a bundle map satisfying ir o a = id. Let qq be the holonomy 
invariant metric on Q induced by gu = gh + 9l±\ that is, 



This means that 6(X)gQ = for X G TL, where 0(X) is the transverse Lie 
derivative. So we have an identification L with Q via an isometric splitting 
(Q)9q) — {L^igL 1 -)- A transversal Levi-Civita connection V in Q is defined [5] 




a 



(2.1) 



9q{s,t) = g M (a(s),<r(t)) Vs,teTQ. 



(2.2) 
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by 



.(|.Y,rj) V.Y.FL 

tt(v^y s ) vx g rx x , 



where s G TQ and Y, = cr(s) G TL- 1 corresponding to s under the canoni- 
cal isomorphism Q = L 1 - . The curvature R v of V is defined by i? v (X, Y) = 
[V x , Vy] - V [x ,y] for X, K G ITM. Since i(X)R y = for any X eTL [5], we 
can define the transversal Ricci operator p v : TQ — >■ by 

P V (s,) = R v (s,E a )E a , (2.4) 

a=p+l 

where {J5 a }a=p+i,- ,« * s an orthonormal basic frame of Q. And then the transversal 
Ricci curvature Ric v is given by Ric v (si, sg) = 9q(p V (si), S2) for any si, S2 G TQ. 
The transversal scalar curvature <r v is given by cx v = Trp v . The foliation T is 
said to be (transversally) Einsteinian if the model space is Einsteinian, that is, 

p v = - a v ■ id (2.5) 
Q 

with constant transversal scalar curvature a v . The mean curvature vector of 
T is defined by 

8=1 

where {-Ei} is a local orthonormal basis of L. The foliation J 7 is said to be 
minimal if = 0. A differential form u; G f2 r (M) is basic if z(X)w = and 
8(X)u = for all X G TL. Let Q r B (J-) be the set of all basic r-forms on M. Then 
Q r (M) = fi'^(J r ) © fi'^(J r )- L [TJ. It is well-known that the mean curvature form 
k b is closed, i.e., dn B = 0, where Kg is the basic part of k. The basic Laplacian 
acting on ^^(J 7 ) is defined by 

A B = d B 5 B + S B d B} (2.7) 
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where 5b is the formal adjoint of d B = d\n* ^ [US]- Let {E a }(a = 1, • • • , q) be a 
local orthonormal basis of Q. We define V* r V tr : W^J 7 ) ~~ ^ ^s(^ r ) by 

V; r V tr = -^V|^ Q + V 4 , (2.8) 

a 

where V 2 XY = VxVy — VyMy for any X, K G TM. The operator V* r V tr is 
positive definite and formally self adjoint on the space of basic forms [3]. We 
define the bundle map Ay : A r Q* -»■ A r Q* for any Y eV(F) [9] by 

A y = 6{Y)<j) - Vy0, (2.9) 

where 9{Y) is the transverse Lie derivative. Then it is proved [6] that, for any 
vector field Y eV(F), 

A Y s = -Vy s F, (2.10) 

where Y s = o~(s) G TTM. So Ay depends only on Y = tt(Y) and is a linear 
operator. Since 9{X)cf) = Vx0 for any X G TL, Ay preserves the basic forms 
and depends only on Y. Then we have the generalized Weitzenbock formula. 

Theorem 2.1 [3] On a Riemannian foliation T , we have 

A B = V t * r V tr + F(<f>) + A^J, G (2.11) 

where F(</>) = J2 a fi° a A i{E b )R v {E b , E a )<p. If <j> is a basic 1-form, then F{(j)f = 
P V (0*). 

From Theorem 2.1, we have the following. For any G Q r B (J-), 

-U B |0| 2 = (A B 0,0> - |V tr 0| 2 - (F(0),0> - (Aj 0,0). (2.12) 

Z B 

Now, we recall the following generalized maximum principle. 

Lemma 2.2 [7] Let J 7 be a Riemannian foliation on a closed, oriented Rieman- 
nian manifold (M, gu)- If (A# — K L)/ > (or < 0) for any basic function f , 
then f is constant. 
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Let V^J 7 ) be the space of all vector fields Y on M satisfying [Y, Z] G TL for all 
Z G TL. An element of V(T) is called an infinitesimal automorphism of J 7 [TU] , 
Let 

V(F) = {Y = n(Y)\Y eV(F)}. (2.13) 
It is trivial that an element s of V^) satisfies Vxs = for all X G TL [9]. Hence 

v{F) = nun 

3 Transversal infinitesimal automorphisms 

If Y G V(T) satisfies 6(Y)gQ = 0, then Y is called a transversal Killing field of 
J 7 . If Y G V^J 7 ) satisfies 0{Y)gq = 2f Y gQ for a basic function f Y depending 
on Y, then Y is called a transversal conformal field of J 7 . Equivalently, for any 
X, Z G V(J") 

^(VxF,Z)+^(X,V z F) =2f Y g Q (X,Z). (3.1) 
In this case, we have 

/ y = idiv v F, (3.2) 

where divy? is the transversal divergence of Y. A transversal conformal field Y 
is homothetic if /y is constant. For any vector fields Y, Z G V^J 7 ) and X G TQ, 
we have [S] 

(0(Y)V)(£, X) = R V (Y, Z)X + V^Vx? - V VzX Y. (3.3) 

If Y G V^J 7 ) satisfies #(Y)V = 0, then Y is called a transversal affine field of J 7 . 
If F G V^J 7 ) satisfies 

(0(Y)V)(X,Z) = a Y (X)Z + a Y (Z)X (3.4) 

for any X, Z G TQ, where ay is a basic 1-form on M, then Y is called a transversal 
projective field of J 7 ; in this case, it is trivial that 

a Y = -rfsdivvY. (3.5) 
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Let {E a } a= x t ... tq be a local orthonormal basic frame in Q such that (VE a ) x for 
x G M. From now on, all the computations in this paper will be made in such 
charts. For any Y G V^J 7 ), from (I3.3p . we have 

(9(Y)R v )(E a ,E b )E c = (V a 6(Y)V)(E b ,E c ) - (V b 6(Y)V)(E a , E c ), (3.6) 

where V a = Vb„. Then we have the following lemma. 

Lemma 3.1 \5\ Let J 7 be a Riemannian foliation of codimension q on a Rie- 
mannian manifold (M, #m)- If Y G V(J-) is a transversal conformal field, i.e., 
9(Y)gq = 2f Y gQ, then we have 

g Q mY)V)(E a ,E b ),E c ) = 5 c b f a + 5 c J b -5 b a f cl (3.7) 
SQ((fl(r)i? v )(£a, E b )E c , E d ) = 5 d b V a f c - 6y a f d - 6 d a V b f c + S c a V b f d , (3.8) 
6{Y)o v = 2{q - l)(A fl /y - 4(/y)) - 2f Y a v , (3.9) 

where f a = V a fy. 

From f!3.7p . it is trivial that any transversal homothetic field is a transversal affine 
field. On the other hand, from H3.4[) and (13. 7p . we have the following. 

Lemma 3.2 Let T be the same as in Lemma 3.1. IfYe F(J r ) is a transversal 
projective field, then we have 

(6(Y)R v )(E a ,E b )E c = (V a a Y )(E b )E c + (V a a Y )(E c )E b (3.10) 
- {V b a Y ){E a )E c - {V b a Y ){E c )E a . 

Now, we define the operator B Y : TQ — > TQ(fi G K) for any Y G V(.F) by 

B Y = A Y + A Y + fj, ■ div v ?id. (3.11) 

It is well-known [9] that Y is transversal conformal (resp. transversal Killing) field 
if and only if By q = (resp. B Y = 0). Then we have the following lemma. 
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Lemma 3.3 Let J 7 be a Riemannian foliation on a compact Riemannian mani- 
fold (M, gf^f). IfY is transversal homothetic, i.e., divyY is constant, then 

[ g Q {B Y Y,K%) =div v K(/i- -div v ?)vol(M). (3.12) 

J M Q. 

Proof. From (3.1) and the transversal divergence theorem, the proof follows. □ 
Now, we recall the following relationships among infinitesimal automorphisms 
on a Riemannian foliation. 

Proposition 3.4 [3] Let J 1 be a Riemannian foliation on a compact Riemannian 
manifold [M^gu)- Then, 

(1) Any transversal Killing field is a transversal affine field. 

(2) Any transversal affine field with f M gQ(B Y Y, k^) = is a transversal 
Killing field. 

(3) Any transversal conformal field (or projective field) Y with the properties 

(z) / g Q (B Y Y, k«) > 0, (ii) d B div v Y = 

J M 

is a transversal Killing field. 

Note that on T with a constant transversal scalar curvature cr v , if J 7 admits a 
transversal conformal field Y with fy ^ 0, then cr v is non-negative ([5j, Corollary 
5.6). Equivalently, on T with a negative constant <r v , there is no non-isometric 
transversal conformal field. Hence we have the following proposition. 

Proposition 3.5 Let J 7 be Riemannian foliation of codimension q on a compact 
Riemannian manifold (M, 5^). Assume that the transversal scalar curvature <r v 
is negative constant. Then any transversal conformal field is a transversal Killing 
field. 

Theorem 3.6 [6] Let (M, g^, J 7 ) be a compact Riemannian manifold with a foli- 
ation J 7 of codimension q and a bundle-like metric gu- Assume that the transver- 
sal Ricci curvature p v is non-positive and negative at some point. Then 
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(1) there are no transversal Killing fields on M 

(2) if 8b k b — 0, then there are no transversal conformal fields. 

Remark. From Proposition 3.5 and Theorem 3.6, it is well-known that on 
a transversally Einstein foliation with negative scalar curvature, there are no 
transversal conformal fields without the condition Sb^b — 0. For more relations 
among infinitesimal automorphisms on a Riemannian foliation, see [5]TTT| . 

4 Transversal conformal and projective field on 
Kahler foliations 

Now, we study the infinitesimal automorphisms on Kahler foliations. Let J 7 be a 
Kahler foliation of codimension q = 2m on a Riemannian manifold (M, [10] . 
Note that for any X, Y G TQ, 

n(X,Y)=g Q (X,JY) (4.1) 

defines a basic 2-form Q, which is closed, where J : Q — > Q is an almost complex 
structure on Q. Then we have 

1 2 m 

Q = — ^# a AJfl a , (4.2) 

2 a=l 

where 9 a is a dual form of E a . Moreover, we have the following identities: 

R V (X, Y)J = JR V (X, Y), R V (JX, JY) = R V (X, Y) (4.3) 
for any X, Y G TQ. Then we have the following. 

Proposition 4.1 Let J 7 be a Kahler foliation of codimension q = 2m on a 
Riemannian manifold (M, g^) and let Y be a transversal conformal field, i.e., 
9(Y)gq = 2fygq. Then we have 

A B /y - 4lM = 0. (4.4) 
Moreover, if M is compact, then fy is constant, i.e., Y is transversal homothetic. 
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Proof. Let /y be a basic function with 6{Y)gq = fyOQ- Fix x G M and let {E a } 
be a local orthonormal basic frame such that (VE a ) x = 0. Then, at x, we have 
from 033D, 



2m 2m 



J2 g Q ((6(Y)R V )(E a ,E b )E a ,E b ) = 2qJ2E a E a (f Y ) 

i,b=l a=l 
2m 2m 

g Q ((e(Y)R*)(JE a ,JE b )E a ,E b ) = 2j2E a E a (fY) 



a, 6=1 a=l 

From (14. 3p . we have 

2/ii 



2(g-l)^£ a £ a (iV) = 0. (4.5) 



a=l 



Since q > 1, E2i E a E a (f Y ) = 0. Hence A B / y = which proves gU). 

Moreover, if M is compact, by Lemma 2.2, /y is constant. □ 

Theorem 4.2 Lei J 7 be a Kahler foliation on a compact Riemannian manifold 
(M,gM)- Then any transversal conformal field is a tranversal affine field. 

Proof. Let Y be a transversal conformal field such that 9{Y)gQ = fygQ- By 
Proposition I4.1[ fy is constant. Therefore, from Lemma 3.1 (13. 7p . 9(Y)\7 = 0. 
So Y is the transversal affine field. □ 

Remark. On a compact Kahler manifold, any conformal field is always a Killing 
field, because any affine field is a Killing field |13] . For the foliated manifold, 
this does not hold because of Proposition 3.3 (2). In fact, we have the following 
theorem. 

Theorem 4.3 Let J 1 be a Kahler foliation on a compact Riemannian manifold 
(M, (?m)- Assume that the transversal scalar curvature a v is non-zero constant. 
Then any transversal conformal field is a transversal Killing field. 
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Proof. Let Y be a transversal conformal field such that 9{Y)gQ = fygQ. Since 
(j v 7^ is constant, from Lemma 3.1 (13. 9p and Proposition 14.11 jV = 0- Therefore, 
Y is a transversal Killing field. □ 

Now we study the transversal projective field on a Kahler foliation. From 
Lemma 3.2, we have the following. 

Proposition 4.4 Let T be a Kahler foliation of codimension q = 2m(m > 2) on 
a Riemannian manifold (M, g^) and let Y be a transversal projective field. Then 
we have 

&b9y - 4(#y) = 0, (4.6) 

where gy = divy(Y"). If M is compact, then gy is constant. 

Proof. Let Y be a transversal projective field. Let {E a } be a local orthonormal 
basic frame such that (VE a ) x = at x G M. Then, from Lemma 3.2, we have 

(q + l)(6(Y)R v )(E a , E b )E c = E a E b (div^Y)E c + E a E c (div v Y)E b 

- E b E a (div v Y)E c - E b E c {div v Y)E a . 

Hence we have 

2m 2m 

(q + 1) Yl 9 Q my)R V )(E a , E b )E a , E b ) = (q - 1) ^ E a E a {f Y ) 

a, 6=1 a=l 
2m 2m 

(q + 1) J2 9 Q ((0(Y)R*)(JE a , JE b )E a , E b ) = ]T E a E a (f Y ). 

a, 6=1 a=l 

From (14.31) . we have 

2m 

(q-2)Y,E a E a (div v Y) = 0. 

a=l 

Since q > 2, we have (A# — K? B )gy = J2l=i E a E a (gy) = 0. Moreover, if M is 
compact, by Lemma 2.2, gy is constant. □ 

From Proposition 4.4, we have the following theorem. 
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Theorem 4.5 Let T be a Kdhler foliation of codimension q = 2m(m > 2) on a 
compact Riemannian manifold (M,gu)- Then any transversal projective field is 
a tranversal affine field. 

Proof. Let Y be a transversal projective field. From Proposition 4.4, gy = div^/Y 
is constant. Hence, from (I3.5p . ay = 0. From (13 .4p . Y is transversal affine. □ 
From Proposition 3.3 (3), we have the following corollary. 

Corollary 4.6 Let J 7 be a Kdhler foliation of codimension q = 2m(m > 2) on 
a compact Riemannian manifold (M, ^m)- If any transversal projective field Y 
satisfies J M gq(B Y Y , kt) > ; then Y is a transversal Killing field. 

Remark. For a harmonc Kahler foliation on a compact Riemannian manifold, 
any transversal projective is a transversal Killing field. For the point foliation, 
any transversal affine field is a transversal Killing field [T5]. So Theorem 4.2 and 
Theorem 4.5 are found in fT3] . 

5 Transversally holomorphic fields 

Let J 7 be a Kahler foliation of codimension q = 2m on a Riemannian manifold 
(M, #m)- Let Y be an infinitesimal automorphism of J 7 . Then a vector field Y is 
said to be a transversally holomorphic field if 

6(Y)J = 0, (5.1) 

equivalently, for all Z e TL 1 - 

Wjz? = JV Z Y. (5.2) 

Let {E a , JE a }(a = 1, • • • ,m) be a local orthonormal basis of TL ± . Then we 
recall the following well-known facts. 
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Lemma 5.1 [22| On a Kdhler foliation of codimension q = 2m, it holds that 

m 

p v (X) = JR*(E a , JE a )X. (5.3) 

a=l 

Then we have the following facts on a harmonic foliation. 

Theorem 5.2 [TO] On a harmonic Kdhler foliation J 1 on a compact manifold 
(M,gM), the followings are equivalent: 

(1) Y is transver sally holomorphic, 9{Y)J = 0, 

(2) Y is a transversal Jacobi field of J 7 , i.e., Vj r Vt r ? — P V (X) = 0- 

Next, we study the above relations on a non-harmonic Kahler foliation. In fact, 
we have the following theorem. 

Theorem 5.3 On a Kdhler foliation J 7 on (M,qm), Y is transversally holomor- 
phic, i.e., 9{Y)J = if and only if 

(i) v; r v tr F-p v (F) + A y 4 = o, 

iii) [ g Q ((e(Y)J)4 J ,JY)=0. 

Proof. Let Y be transversally holomorphic, i.e., VjZY = JVzY for any Z G 
YQ. Then, by long calculation, we have 

V;V tr F = JR^(E a , JE a )Y + VjY. (5.4) 

a=l 

From (I2.10p and (15.31) . we have 

V; r V tr F - p v (F) + A y k% = 0. (5.5) 
Hence (i) and (ii) are proved. Conversely, by direct calculation, we have 

/ \9(Y)J\ 2 = 2[ ^ Q (V;V tr F-p v (f) + A y 4,F) 
Jm Jm 

+ 2/ J2E a g Q (V Ea Y + JV JE Y,Y). 
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Now we choose X £ YQ by g Q {X, Z) = g Q {V z Y + JV JZ Y, Y) for any Z e TQ. 
Then, by the transversal divergence theorem, we have 

„ 2m „ 

/ J2 E "9Q(V Ea Y + JVj Ea Y,Y)= / dw v {X) 
Jm a=l Jm 

= [ 9Q^J B Y + JW jKi Y,Y). 

Hence we have 

\l \9(Y)J\ 2 =[ ^(V; r V tr F-p v (F) + A y 4,F)+ f g Q {{6{Y)J)^JY). 
z Jm Jm Jm 

Hence the converse is proved. □. 

Remark. The solution of V* r V tr F - p v (F) + A Y ^ B = appears as the kernel 
of the transversal Jacobi operator J? d of the identity map [1]. 

Moreover, on non-harmonic Kahler foliations on compact manifolds, the fol- 
lowing theorem holds. 

Theorem 5.4 Let J 1 be a Kahler foliation on a compact Riemannian manifold 
(M,gM)- Assume that the transversal Ricci operator is non-positive and negative 
at some point. Then every infinitesimal automorphism Y with a transversally 
holomorphic field Y satisfies Y G TL, i.e., Y = 0. 

Proof. Let Y be a transversally holomorphic field. Then, by Theorem 5.3, we 
have 

A B \Y\ 2 = 2<7 Q (V t * r V tr Y,y) - 2|V tr F| 2 

= 2^(p v (F),F)-2|V tr F| 2 + 4|F| 2 . 

Since the transversal Ricci curvature p v is non-positive, we have (Ag-Kg )\Y\ 2 < 
0. Hence, by Lemma 2.2, |Y| is constant. Moreover, since p v is negative at some 
point, Y is zero, i.e., Y is tangential to J 7 . □ 

Remark. In |10j . S. Nishikawa and P. Tondeur proved Theorem 5.4 when the 
foliation is minimal. 
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